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AIR FLOW m THE BOUNDAEY LAYER NEAR A PLATE 

By Hugh L. Dbtdbn 



SUMMARY 



The published data on the distribution of speed near a 
thin flat plate umih sharp leading edge placed parallel to 
the flow (skin friction plate) are reviewed and the resvMs 
of some additional measurements are described. These 
experiments were carried out at the NaiioTial Bureau of 
Standards with the cooperation andfiiumcial assistance 
of the National Advisory Committee for Aeronmiics for 
the purpose of studying the basic phenomena of boundary- 
layer flow under simple conditions. 

When the distribution of mean speed is measured in a 
stream without pressure gradieni, ii is found that th^flow 
for some distance from the leading edge corresponds to 
that derived theoretically by Blasiusfrom Prandtl's equa- 
tions for laminar flow. At a definite value of the Reyn- 
olds Number fonned from the distance to the leading edge 
and the speed of the stream at a considerable distance from 
the plate, the flow departs from the Blasius distribuiion 
and after a long transition region has the characteristics 
of ftdly developed turbulent flow, hereinafter designated 
"eddying flow." The Reynolds Number at which transi- 
tion occurs is a function of the initial turbulence of the air 
stream, decreasing as the turbulence is increased. 

Small pressure gradients in the air stream greatly 
change tlu critical Reynolds Number for a given turbu- 
lence. 

From measurements of the amplitude of the u-fluctuation 
of speed it was found that the laminar region exhibits 
comparatively large fluctuations induced by the turbulence 
of the general flow. The laminar and eddying regions 
cannot be distinguished on the basis of the magnitude of 
the speed fluctuation, but the principal fluctuations in the 
eddying region are of higher frequency than those occurring 
in the laminar region. 

INTRODUCTION 

It is becoming increasingly eWdent that the solution 
of problems of great importance to aircraft designers, 
especially the influence of Reynolds Number or scale 
effect and the influence of initial turbulence, demands a 
more complete knowledge of the flow near surfaces, 
that is, in boundary layers. Even in the simple case 
of boundary-layer flow near a skin-friction plate, i. c, 
a thin flat plate of great length and, width placed 



parallel to the flow, our knowledge is far from complete. 
Studies of this simplified case are much needed to dis- 
cover the basic laws of boundary-layer flow and thereby 
to prepare the way for a better imderstanding of the 
flow mechanism in the many cases of interest to the 
designer. 

The concept of the boundary layer and the equations 
describing the laminar flow within it were announced by 
Prandtl in 1 904 (reference 1 ) . Four years later Blasius 
(reference 2) gave the solution of these equations for the 
sMn-friction plate. A general acceptance of the bound- 
ary-layer concept was delayed for 20 years until experi- 
mental technique advanced to the point where the inner 
structure of the boundary layer could be explored in 
detail. The pioneer measurements were made by 
Burgers and his assistant, van der Hegge Zijnen, at 
Delft iu 1924 (reference 3) with the aid of a hot-wire 
anemometer. Further measurements with pitot tubes 
were made a few years later by Hansen (reference 4) 
and by Elids (reference 5) at Aachen. Later develop- 
ments have shown that the comparatively good agree- 
ment between the results at Dolft and Aachen was 
somewhat fortuitous. It seemed worth while to make 
some fiu-ther measiurements in an air stream of consid- 
erably smaller turbulence and, in view of the develop- 
ment of equipment for measuring the velocity fluctua- 
tions paraUel to the mean direction of flow, to study 
the fluctuations as well as the mean speed. 

The primary interest in this work is in the field of 
flow (distribution of speed in the vicinity of the plate), 
and not in the skin friction itself, which is more easily 
studied by force measurements. Th. von K&rm&n has 
recently (reference 6) given a review of the data on 
skin friction. 
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PREYIODS EXPERIMENTAL WORK 

The essential features of the flow in the boundary- 
layer of a skin-friction plate may be described by a 
consideration of the measurements of Burgers and van 
der He^e Zijnen (reference 3). The results are pre- 
sented in the dissertation of van der Hegge Zijne'n in 
the form of nxmierous tables and curves giving the 
observed speeds at several hundred points, whose x and 
y coordinates with respect to the leading edge of the 
plate are tabulated, for five speeds of the approaching 
air stream. The original dissertation should be con- 
sulted for detailed results. Only the general features 
can be discussed here. 

Dimensional analysis enables one to devise a method 
of representation that gives a general view of the him- 
dreds of measurements. The speed u at" any point 
(x, y) at distance x from the leading edge and at dis- 
tance y from the plate is a function of the speed Uo 
of the approaching air stream, of the density p and 
the viscosity /x of the air, and of x and y. By the 
piinciples of dimensional analysis 

where v is the kinematic viscosity /t/p. The independent 
variables may be considered as avBeynolds Number 
and y-'RejnoldB Nimiber, since a nondimensional 
product obtained by multiplying ^ by a linear dimen- 

sion is ordinarily called a ''Reynolds Niimber." If 
the foregoing factors are the only ones determining the 
flow, the flow can be pictured by a three-dimensional 
model or, more conveniently, by a contour diagram of 
the three-dimensional model. This representation is 
entirely independent of any theory of the flow and its 
validity rests only on the completeness of the list of 
controlling quantities. 

A contoTu: diagram of this type for the measurements 
of van der He^e Zijnen is given in figure 1. The 
contours are for values of u/Uo in steps of 0.1, the corre- 
sponding X and y being found by interpolation in the 
original tables. For convenience, the scale of tz-Reynolds 
Number has been magnified 200 times. If one wishes to 
think in tenns of x and y, the numbers along the abscis- 
sas represent for an air speed of 200 feet per second dis- 
tances ia inches, while each square 'along the ordinates 
represents one one-thousandth of an inch. Or for an 
air speed of 20 feet per second, the numbers along the 
abscissas are tens of inches and each square along the 
ordiaates is one one-hundredth of an inch. 

The diagram contains data for five speeds and, in 
general, the results are very consistent. The deviations 
correspond to about 0.02 in u/Uo or 0.005 inch on the 
average in y. When examined on a latge scale there 
are certaia systematic differences between the results at 
different speeds, which are to be ascribed to the in- 
fluence of a slight pressTure gradient in the air stream in 
which tihe measurements were made. 



Near the leading edge the contoiur lines are approxi- 
mately parabolic in shape and correspond approxi- 
mately to the theoretical result of Blasius for laminar 
flow (cf. theoretical treatment). For this reason, the 
flow in this part of the field is labeled "laminar." 

At an x-Keynolds Number of about 300,000, the 
contours for small values of u/Uo approach the a.xi3 of 
abscissas, indicating an increasing speed along the plate 
while the contours for loi^e values bend away from the 
axis, iadicating a rapid thickening of the layer. The 
process contdnues over the range from 300,000 to 
about 500,000, a region usually designated as the 
"transition" region. 

There follows a different type of speed distribution 
which resembles very closely that found in eddying 
(fuUy developed turbulent) flow ia pipes. In the part 
marked "eddying layer," there is at any z-Beynolds 
Number, a logarithmic relation between u and the 
y-Reynolds Number, often approximated by a power 
law. The relations are different near the waU, a region 
commonly termed the "laminar sublayer" because the 
distribution resembles that in the laminar layer. It 
should be noted that the laminar sublayer accoimts for 
only a small part of the thickness of the layer but for 
two-thirds of the fall in speed. 

til ■ 

The contour for^==l is not shown, for the reason 

that u approaches Uo asymptotically. Various un- 
ambiguous procedures can be used to define the "thick- 
ness" of the layer of fluid affected by the presence of 
lihe plate. We may perhaps think of the distribution 
as approximated by some specific mathematical ex- 
pression, and the thickness 5 as the value of y which, 
substituted in that expression, gives u= Uo. Or 5 may 
be taken as the value of y, for which u=0.99 Uo or 
0.995 Uo or some other convenient value. The "dis- 
placement thickness" 5* defined as J* ^—-^^dy ia 

often the most convenient measure of the thickness. 

Burgers and van der Hegge Zijnen made another 
significant observation, namely, that the presence of 
strong fluctuations in the flow of air approaching the 
plate moved the transition to an x-Eeynolds Number 
of about 85,000. The fluctuations were produced by 
a square-mesh wire screen immediately ahead of the 
plate, the wire diameter being 0.08 cm and the mesh 
being 0.4 cm. 

In air streams, especially those produced by artificial 
means in wind tunnels, the motion is never absolutely 
steady, and there are always present small ripples or 
fluctuations that usually do not exceed a few percent 
of the average speed. It is difficult to believe that the 
presence of these fluctuations, usually of frequencies 
of the order of 20 to perhaps 1,000 per second, could 
play any part in determining the natiu-e of the flow 
around an object placed in the stream. Yet it has 
been experimentally found that these fluctuations 
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exert a comparatively large influence in many cases. 

The basic effect in all these cases is believed to be the 
effect on the transition from laminar to eddying flow 
in the boundary layer. 

No method by which the initial turbulence could be 
numerically evaluated was known in 1924 and the 
methods are still in process of development. No com- 
pletely satisfactory method can be developed until a 
satisfactory theory of the effect of turbulence is avail- 
able. It is now possible to measure directiy (reference 
7) the meau fluctuation of the speed at any point 
with, time by meaas of a hot-wire anemometer, with a 
wire of small diameter, an amplifier, an electrical net- 
work to compensate for the lag of the wire, and an 
alternating current milliammeter. The speed fluctua- 
tion is converted into an alternating electric current 
whose intendity is measured. The turbulence may 
then be defined as the ratio of the average fluctuation 
to the mean speed and is usually expressed as a per- 
centage. Such a method was iised in the SKpeiiments 
described iu this paper. 

Because of certain small discrepancies between the 
experimental results of van der Hegge Zijnen in the 
region of laminar flow near the leading edge and the 
theory of Blasius, the measurements were repeated by 
M. Hansen at Aachen (reference 4), using small pitot 
tubes. In general appearance, a contour diagram of 
the results would resemble figure 1. The data of 
Hansen are not g^ven in suf&cient detail to permit the 
preparation of an accurate contour diagram. The 
transition occurred at nearly the same value of the 
K-Reynolds Number, a fact which the experiments ia 
the present paper show to be a coincidence. The 
principal differences between the two sets of measure- 
ments at Delft and Aachen are: (1) the Aachen results 
agree very well with the Blasius theory, whereas the 
Delft results show small discrepancies; and (2) when the 
speed distribution ia the eddying region is approxi- 
mated by a power law, the exponent is about 1/5 in 
the Aachen experiments as compared with 1/7 in the 
Defft experiments. 

Hansen showed that the Delft experiments were 
made in an air stream in which the static pressure 
decreased along the plate and that therefore the experi- 
ments could not be expected to check the theory of 
Blasius, which assumed a constant static pressure along 
the plate. An approximate allowance for the effect of 
the pressure gradient brought the Ddft experimental 
results into agreement with the Blasius theory. 

Hansen made some studies of the effect of the shape 
of the leading edge of the plate and of the roughness of 
the surface. A poorly shaped leading edge sets up 
turbulence which has an effect sunilar to that of 
increased turbulence in the air stream. For rough 
plates, the flow was eddying at all points iavestigated. 

Elids (reference 5) also made measurements of the 
speed distribution near a plate in connection with 



measurements of heat transfer. The results are similar 
to those of Hansen and were presumably made in the 
same wind tunnel. Transition occurred at an x- 
Keynolds Nmnber of about 150,000 to 200,000. 

THEORETICAL TREATMENT 

Laminar flow. — The equations given by Prandtl for 
the steady flow of an iucompressible fluid in a thin 
boundary layer along a two-dimensional plane surface 
are as foUows: 



&« , btt c)V 1 bp 

' ■** * 
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(2) 
(3) 
(4) 



where u is the component of the velocity parallel to the 
surface, v the normal component, x the distance meas- 
ured along the surface, y the distance measured normal 
to the surface, v the kinematic viscosity, and p the 
pressure. The boundary conditions are: (1) at the 
surface, u=v=0; (2) at a great distance u=TJ, the 
speed in the potential flow. By (3) the pressure is 
independent of y and hence equal to that in the poten- 
tial flow. By Bernoulli's theorem p-{-lpTP is constant 

and hence, ^—P^^^^^' 

Blasius discussed the case where U, the speed at a 
considerable distance from the plate, is constant, i. e., 

^=0 and therefore ^=0- Tliis constant value of U 

will be designated Z7o. 

By virtue of equation (4), a stream function \l/ may 
be introduced, such that 



by bx 



Equation (2) becomes for 



_ 5^ b'4' bf dV^j.^^f' 
by bxby bx by^ dp 

Introducing new variables ^ Z and X defined by 



5L_, x=^ 

•Va -yjvU^ 2 



(5) 



(6) 



(7) 



in which a is a munerical constant whose significance 
and value will be determined later, equation (6) 

becomes 



(8) 



Setting u = Yf 
(5) and (7) that 



may be shown from 



- o^/^ dZ 
2 d^' 



«=— jtb- and y = 



(9) 



1 In vlev of the more complete dedvations pobllsbed elsawhere, for example, 
leteieoce % only the principal steps in the method ol solntlon wiSi he ontUned. 
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Likewise _ __ 

du a (PZ ,<Pu 0?'^ (PZ (10) 

The boundary conditions, u=v=0 at the surface and 
«= Uo for large values of y becorae in the new variables 

g=0,Z=0 atZ=0 and ~ ^=1 at X=<o (n) 

In the solution of equation (8) it is convenient to 
begin the solution at the surface. By the introduction 



/ 1,000 



and ^ are readily computed. These quantities are 

also ^ven in table I. 

It is significant that the complete solution can bo 
represented by a single curve of u plotted against "y. 
Thus the speed distributions at various values of x are 
similar, the same speed occurring at values of y propor- 
tional to the square root of This similarity of the 
speed distributions is the physical expression of the 




30x10^ 



FiaURS L—Qlstiibatioii at mean speed near stdu-friotion plate. Meesarements made b7 van derEeggeZlJnen. £ is tlie diitaoce measured along the plate Irom Uie 
leading edge, v the dlatanee bom the plate, the speed ot the free stream, r the Unematlo Tlscoslty. The contours are contoors of eqoal mean speed, the 
namber on each contour being the corresponding value of n/Uo, where <tb the local speed. 



d^Z 

of the numerical constant a, the value of at X=Q 

may be assumed equal to 1, this boundary condition 
temporarily replacing condition (11). When the solu- 
tion has been obtained, a may then be chosen to satisfy 
(11). It may be noted that a does not appear in (8). 

Equation (8) may be solved numerically by the 
Runge-Kutta method (reference 8). The results are 
given in table I. The value of a is foimd to be 1 .328238. 

diJL 

From this value and equations (9) and (10), y, U, 



reduction of the partial differential equation to a total 
differential equation. On the representation of the 
laminar speed distribution by a contour diagram similar 
to figure 1, it is readily serai that a constant value of y 
corresponding to a given u is indicated by a constant 
value of the ratio of the y-Keynolds Number to the 
square root of the a^Reynolds Nimiber, which ratio 
niimerically equals y. Hence the contours are para- 
bolas. The values of y at even values of u for the 
theoretical laminar distribution are given in the follow- 
ing table: 
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The equations of the contour hnes are 

The "displacement thickness" 5* is readily computed 

/ vx 

from table I to be 1.7207 -t/'^' Mid hence the 5* 

Reynolds Number is 1.7207 times the square root of 
the x^Eeynolds Number. 

When a' pressure gradient is present so that ^ is not 

zero, the similariiy of the speed distributions disap- 
pears except in special cases, and the partial diflFer- 
ential equation must be solved. Various approximate 
methods have been proposed, for example, those 
described in references 9, 10, 11, and 12. For small 
pressure gradients with the pressure decreasing down- 
stream, the computed effect on the contour diagram 
representation is to move the contours closer to the 
axis of abscissa, i. e., to decrease the rate of thickening 
of the boundary layer. The uory curve is not inde- 
pendent of x; in general u increases with y more 
rapidly than for the Blasius case and approaches the 
asymptote to a given approximation at a smaller value 
of y. The departure from the Blasius curve increases 
with increasing x. The effect of a small gradient is 
surprisingly large.* The references cited may be 
consulted for a detailed discussion. 

Transition. — The physical factors that determine the 
transition from laminar to eddying flow are not clearly 
■understood. The principal theoretical developments 
have proceeded from the assumption that the origin of 
■eddying flow is to be sought in the instability of the 
laminar flow under certain circumstances. The diffi- 
oult mathematical computations have been made by 
Tolhnien (reference 13) and Schlichting (reference 14) 
of the Gottingen group for the following idealized case. 
A steady two-dimensional laminar flow is assumed in 
which the velocity depends only on the coordinate 
normal to the direction of flow. Small disturbances 
are superposed on this basic flow in the form of waves 
propagated in the direction of flow. These disturb- 
ances are assimied to satisfy the Navier-Stokes equa^ 
tions and the usual boimdary conditions. It is then 
■determined whether waves of any given frequency are 
•damped or amplified. 

In the computation it is fomd necessary, in order to 
obtain a linear differential equation, to assume the 
amplitude of the disturbances sufficiently small that 

' See also page M. 

130602—37 ^23 



only first-order terms need be retained. The viscosity 
effects are assumed small, zero' in fact, except near the 
boundary and in a critical layer where the wave velocity 
of the dkturbance equals the speed of the basic flow. 
If the viscosity were neglected everywhere, the ampli- 
tude of the disturbance would become infinite in this 
critical layer, thus invalidating the n^lect of terms of 
higher order than the first. 

The results obtained for the Blasius distribution of 
the preceding section as the basic flow are given in 
figure 2. The r^on marked '^stable" represents 
those values of Reynolds Number and wave length for 
which small disturbances are amplified. Disturbances 
for wave lengths and Reynolds Numbers outside that 
region are damped. The displacement thickness 5* is 
used as the characteristic length in the Reynolds Num- 
ber and as the unit for measuring the wave length. 
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FIODSB Z— Wave length o( sinasoldal lUstoibances wluob piodace Instability o( 
laminar flow near a plate according to Tdllmien and Sdiliohtlng. X Is tbe wan 
length, f* Is the displacement thibknea of the Ixnmdary layer, XJn tbe speed of the 
tt«e stream, r tbe Idnemstia viscosity. 

ToUmien (reference 15) has shown that velocity dis- 
tributions having an inflection point, which occur in 
boundary layers when the pressure increases down- 
stream, are unstable and that the amplification of small 
disturbances is of a higher order of magnitude than the 
one found for the Blasius distribution. Thus the non- 
dimensional amplification factor is of the order of 0 to 
0.05 for the distribution with inflection point as com- 
pared with 0 to 0.007 for the Blasius distribution. 

These theoretical calculations are of the utmost im- 
portance in the study of the origin of eddying flow. 
The amplified disturbances do not, however, in them- 
selves constitute eddying flow. The wave lengths of 
the amplified disturbances are of the order of 25 to 50 
or more times the displacement thickness. Schlichting 
(reference 14) computed the maximum possible ampli- 
fication of the disturbances and concluded that a four- 
fold to ninefold amplification appeared sufficient to pro- 
duce eddying flow from the long-wave disturbances as 
judged by a comparison of experimentally observed 
transition points with the theoretically computed maxi- 
mum ampliflcation in passing along the plate to the 
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observed transition, point. It appears to be the opinion 
of Tollmien that the formation of velocity distributions 
with inflection points constitutes an intennediate step 
in the development of eddying flow, these distributions 
arising as the long-wave length disturbance increases 
in amplitude. 

An attempt was made by Nikuradse (reference 16) to 
check the theory. A glass plate with a faired leading 
edge of metal was set up in a water channel provided 
■with sUghtly diverging walls to give constant static 
pressure along the plate. The disturbances in the flow 
were reduced as much as possible^ giving a transition 
at an i-Reynolds Number of 655,000 or a 5*-Rey- 
nolds Number of 1,400. Artificial disturbances of 
approximately sinusoidal character and of varying fre- 
quency were produced by a varying suction applied to 
holes in the faired leading-edge strip. Except for three 
poiuts at very low frequency, transition occurred at a 
5*-Reynolds Number between 790 and 1,050, the 
majority of the points scattering about a value of 850. 
There was no indication that the frequency of the dis- 
turbance had any marked effect as would be inferred 
from the computations of Tollmien and Schlichting. 
Nikuradse states, "Perhaps the explanation is that, 
since the disturbance impressed on the boundary layer 
is not of perfectiy sinusoidal form, some harmonic of the 
disturbance acts to produce turbulence. A clear deci- 
aon for or against the Tollmien theory is accordingly 
still lacking." 

In the opinion of the author the ntunerous experi- 
ments on the critical Reynolds Nimaber of spheres 
and airship models in relation to measurements of the 
fluctuations present in the air stream furnish addi- 
tional evidence that it is the amplitude of the disturb- 
ances initially present rather than their frequency 
which is of primary importance and, as in Nikuradse's 
experiments, if the amplitude is fixed, the poiat of 
transition is but little affected by the frequency, 
provided the frequency is not too low.' 

The theory of smaU. vibrations in which only first- 
order terms are retained cannot give any information 
as to the influence of amplitude of the fluctuations 
originally present ia the flow. In reference 17 the 
author outiined briefly the following conception of the 
mechaAism of transition: 

The observed fluctuations of speed at a fixed point may be 
taken as an indication tliat at any one time tliere are variations 
of speed along the outer edge of the boundary layer. With 
the speed variations there will be associated variations of prea- 
sure, and in the regions where the speed is decreasing, the 
pressure will be increasing. The magnitude of the pressure 
gradient depends on the amplitude and frequency of the speed 
fluctuations, increasing as either increases. At a suiBcient 
distance from the leading edge, the thickness of the boimdary 
layer will be such that there wUl be a reversal of the direction 
of flow near the surface in those places where the pressure is 
increasing downstream. Larger speed fluctuations bring larger 

> It is known tbat Uieie Is some effect of "average size of eddies" on the critical 
neynolds Nomber of a spbete, bat the effect L<i of a lower order of magnltade than 
the effect of amplltnde of tne speed flactoatlon. 



pressure gradients and an earlier reversal of flow. It seems 
very probable that such a reversal would give rise to the 
formation of eddies. 

This conception differs from that of ToUmien in 
that (1) the disturbances are "forced" by the external 
turbulence rather than being "free vibrations" and 
(2) the eddying flow is assumed to originate in velocity 
distributions with reversed flow which occur as a result 
of separation rather than in distributions which have 
only inflection points. 

Some computations have been made to show the 
sensitivity of a boundary layer to smafl pressure gra- 
dients and the facility with which separation occurs. 
The computations were made by a modification of 
Pohlhausen's method, which has been described in 
reference 11. The problem treated was that of the 
laminar boundary layer of a plate in a steady external 
flow 

^=1+0.02 sin ^2fl-~a) 

In other words, a sinusoidal variation (with distance a;) 
of amplitude equal to 2 percent of the mean speed, 
wave length X, and phase a relative to the leading 
edge of the plate was superposed on the uniform 
flow of speed Uo. Computations were made for ten 
values of a corresponding to displacement of the sine 
wave by steps of 0.1 X. The speed distributions ob- 
tained for two values of a are shown in figure 3. 
Separation occurs at the points indicated. 

Each of these computations refers to a steady flow, 
the distribution being independent of the time. As a 
rough approximation to a traveling wave we may, 
however, condder the ane wave slowly displaced along 
the plate and inquire as to the value of the mean speed 
at a given point and of the variation of the speed at 
that point. The mean speed is found to be practically 
identical with the Blasius distribution. The speed 
fluctuations expressed as root-mean-square values are 
plotted in figure 4. 

The essential features of the results to which we shall 
have occasion to refer are as follows: 

1. The mean speed is practically imaffected by this 
simplified turbiilence of the external flow. 

2. There are speed variations within the boimdary 
layer which are much lai^er than those in the external 
flow. Their amplitude increases with distance from 
the leading edge of the plate. 

3. The point of separation is not fixed but moves 
back and forth within certain limits. 

4. The position of the separation point and the 
distribution of the speed variations depend on the 
wave length X. 

5. "While computations for only one amplitude have 
been made in fuU, it may be shown that there is a 
marked dependence of the location of the separation 
point on the amplitude of the speed variation in the 
external flow. 
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The variation of speed in the external flow along the 
plate at any given instant is not sinusoidal in character, 
and it is not at all evident that the quasi-stationaiy 
method of computation is justified. AH the results 
listed, however, are in agreement with experimental 
data except 4, the effect of wave length. The two 
theories of the transition are, in a sense, supplementary. 
If the fluctuations are extremely small, eddying flow 
may arise in the ToUmien manner from accidental 
disturbances. If the fluctuations are sufficientiy loi^e, 
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1. 

FiauBB 3.— Oomputed distribntion ot mean speed In the bonndaiy la:^ ol a plate 
for tbe external flow U/Ufl+Oja sin (2ix/X— «}. The contoois are contonis of 
equal valnes of u/Uo. Separation begins at the points Indioated by airows. 

as probably happens in most practical cases, the eddy- 
ing flow arises from the forced fluctuations of the 
boundary layer. The two pictures agree in exhibiting 
fluctuations of wave lengths that ore long as compared 
Avith the thickness of the boundary layer. These 
fluctuations produce pressure gradients as a prelim- 
inary step. The long-wave disturbances do not them- 
selves constitute eddying flow, although they iavolve 
comparatively large speed fluctuations. The correct- 
ness of either picture must be left an open question in 



view of the large effect of frequency required by both, 
which was not found in Niknradse's experiments. 

Eddying flow. — ^In experimental work on eddying 
flow, the distribution of mean speed near a wall is 
found to be represented fairly well by a power law of 
the form u=ay'^, where u is the mean speed, y the 
distance from the wall, and a and n are empirical 
constants. For Reynolds Numbers that are not too 
laj^e, n is approximately 1/7 and this value has been 
much used as the starting point in computing the 
friction. 

This purely empirical representation has been super- 
seded by a formula having some theoretical backiDg, 
namely, 

-(?)T«+i-(?ra <-> 




0 12 3 4 



X 

1 

FiODBE Oompnl«d root-mean-sqnare flnotnatlon of speed for the flow ot flgore 3 
when a is varied from o to 2r. Tbe contotns are contonn of eqoal valnes of tbe 
Tootmean-sqnaie u-flnctnation expressed Inpercentof tbe speed ot the ties ttieam. 
In the tree stnamtheflaotoatlon Is 1.4 percent of themean speed. 

where to is the shearing stress at the wall, p is the 
density of the fliud, v the kinematic viscosity, and a 
and k are constants. This equation is due to von 
E^xmdn. (See reference 6.) 

The original paper should be consulted for a detailed 
discussion of the theory. The formula is derived for 
the idealized case of a comtavi shearing stress trans- 
ferred in parallel flow along a wall. Both in a pipe and 
near a waU, the shearing stress is not constant but 
decreases with increosiag distance from the wall. 
Nevertheless the formula is found experimentally to 
fit the velocity distribution as far as the center of the 
tube or the outer edge of the boundary layer, and the 
constant k is nearly the same whether computed from 
velocity distribution ia smooth or rough pipes or near 
a wall, or from skin-friction measurements ia smooth 
or rough pipes or on plates. 

For the case of the skin-friction plate, it is con- 
venient to set -^5=C/> the local friction cooflScient, 
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and to write equation (13) in the form 



(14) 



Then setting y=5 for jf—^ aJid subtracting the 
resulting equation from (14), we find 

In order to show the similarity with the power-law 
formula, (15) may be written 



t 



(16) 



For small values of -^—1, the term on the left may 

be expanded in the series ®t<^-> 
whence, retaining only the first two terms 

Thus the exponent in the empirical power law repre- 
sentation may be expected to be a function of the local 
friction coefficient, and the power law representation 
itself may be expected to be valid only for small values 

The velocity distribution in the laminar sublayer 
near the wall may be approximated by solving the 

equation to=m^* assuming tq constant. 



The result is 



roV tl 
u= — - or w— „ 



(18) 



From von K&rm&n's universal velocity distribution 
near a smooth wall, which was based on the data of 
Nikuradse, the transition between (18) and (14) extends 

from (c//2)« -^=8 to (C//2)h^=100. For C/=0.01, 

the range of -^is from 113 to 1,413; for C/=0.001, the 
range is from 358 to 4,473. Hence (14) cannot be 
expected to hold acciuately for-^^< about 4,000. 

MEASUREMENTS AT THE NATIONAL BUBEAU OF 
STANDARDS 
APPABATDS 

Wind tunnel. — The measurements were made in the 
3-foot wind timnel of the National Biureau of Standards 
from December 1929 to November 1930. A sketch of 
the tunnel and a brief description are given in reference 
18. The tunnel is of the room return type with closed 
cylindrical working section, 6 feet long and 3 feet in 
diameter. The area of the entrance cross section, at 
which the hcmeycomb is located, is 5.44 times the 
working cross section. The turbulence at the working 
section is 0.5 percent, the critical Reynolds Number for 
a 5-inch sphere being 270,000. 



The plate. — Two plates were used in the course of 
the work. Each was a polished aluminum plate, K 
inch thick and 2 feet wide. In the preliminary series 
of measurements, the plate was 49 inches long and the 
leading edge was beveled as indicated at E in figure 5. 
Since the preliminary measurements indicated a con- 
siderable disturbance at the leading edge, this plate 



{ 





ItovBB fi.— TisTetse jnechanbni and leading Fmvbe 6.— Tiavene oiMhanlsm 
edge shape mad to the prBlftnlnary jneasor- and leading edge shape used In the 
ements (seiles A). later measorements (series B, 0| 

and D). 

was discarded. A new plate, 60 inches long, -with 
leading edge shfirp and symmetrically shaped as 8ho^vn 
at E in figure 6 was used for aU other measurements. 

The plate was mounted on two light 7-inch channels 
as shown at F in figure 6. The channels ran longitudi- 
nally parallel to the axis of the wind tunnel, one flange 
of each channel being fastened to the tunnel wall. 
The webs furnished supports for the edges of the plate 
and filled the gap between the edges of the plate and the 
tuimel wall. 
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The upstream edge of the plate was approxiinately 2 
feet downstream from the upstream end of the working 
section and the downstream edge was within the expand- 
mg exit cone. 

The hot-wire anemometer. — ^The speeds were meas- 
ured by a hot-wire anemometer and associated equip- 
ment. The wire used was a platinum wire 0.017 mTn 
in diameter and about 8 mm long. This very small 
wire was used to permit measurements of rapid fluc- 
tuations in speed as well as the mean speed. 

In the preliminary series of measurements, the 
mounting shown ia figure 5 was vsed. The wire A 
was mounted at the ends of the prongs B which ran 
downstream from the wire for about 12 inches. The 
prongs were bent at right angles and supported on a 
movable slide, which in turn was supported from the 
lower channel F by the bent streamline bracket G 
**The position of the wire relative to the plate C was 
varied by means of the micrometer screw D. The 
reading of the screw for zero distance was determined 
either by moving the wire in until the prongs touched 
the plate as determined by an auxiliary electric circuit 
or, better, by observing the reflection of the wire ia the 
mirror surface of the plate. When observing the 
reflection, the mounting could be adjusted by shimming 
the bracket until the wire was accurately parallel to 
the plate. 

Since the wire expands when heated and contracts 
when cooled, the prongs must be flexible. Otherwise 
a wire which is taut and straight when cool wiU become 
slack when heated or, if adjusted when heated, it wiU 
break when the heating current is shut off. Satis- 
factory results were obtained by using fine steel needles 
for the extreme tips. The fine platinum wire was 
electrically welded to the needles. 

The long bracket G of this mounting tended to 
vibrate at high wind speeds, making the distances of 
the •wire from the plate uncertain and a small but 
measurable effect on the static pressure at the position 
of the wire was detected. The slide and bracket block 
an undesirably large percentage of the area of the air 
stream. Hence when the preliminary measurements 
were completed, a new and improved mounting was 
constructed. 

The improved mounting (fig. 6) was contained 
wholly within a tube H having a cross section about 
1 inch square. The axis of the tube was parallel to 
the air flow and the tube was clamped directly to the 
plate mth small spacing blocks between the tube and 
the plate. The wire prongs were rotated about the 
fulcrum J (fig. 6) by the cam I, which was moved by 
the micrometer screw D. The wire was 13.28 inches 
from the fulcrum, so that for small lateral displace- 
ments the wire moved practically at right angles to the 
plate. The micrometer screw was calibrated in terms 
of lateral movement of the wire in an ausdliary appa- 
ratus in which the lateral displacement was measured 
by means of a second micrometer screw. 



The improved mounting showed no observable effect 
on the static pressure at the wire position and the 
blocking was inappreciable. The vibration of the wire 
relative to the plate was greatly reduced. There is 
perhaps some slight deflection of the prongs at high 
wind speeds because of wind pressure on the prongs. 

The associated eqiiipment is essentially as described 
in the appendix to reference 18. The fundamental 
theory of the hot-wire anemometer as used for measur- 
ing mean speed and fluctuations in the mean speed is 
given in reference 7. The performance of the particular 
equipment used in these measurements as r^ards 
accuracy of compensation for the lag of the wire is 
given in figure 1 of reference 17. The measurements 
were completed before the development of the im 
proved equipment described in reference 19. 

HEDDCTION OF OBSERVATIONS 

At a given distance from the front edge of the plate 
and for a given speed, the following observations were 

made: 

1. Micrometer reading for y=0. 

2. Voltage of potentiometer battery (by comparison 
with standard ceU). 

3. [Resistance of wire at air temperatmre. 

4. Voltage drop across wire for various air speeds 
with wire about 1 inch from plate (i. e., in free air 
stream). 

5. For 10 or 15 values of y, values of the average 
voltage drop and the root-mean-square voltage fluc- 
tuation. The average current through the wire was 
adjusted to be 0.2 ampere at each value of y. The 
resistance to be used in the compensation circuit of 
the ampMer was computed and the adjustment made 
at each value of y. The amplifier was calibrated 
before and after the series. 

6. Items 1, 2, 3, 4 were repeated in reverse order. 

7. Frequent observations were made of air tempera- 
ture, and the barometric pressure was read at the 
beginning and end of the series. 

Calibration of the wire. — ^The relationship between 
the heat loss H and the speed u is given by the formula 

H=iA+B-y/u)e (19) 

where 0 is the difference in temperature between the 
wire and the air and A and B are constants for a given 
wire. If i is the heating current and R the resistance 
of the heated wire (exclusive of the leads) when exposed 
to the stream, H=VB. Denoting the resistance of the 
wire at air temperature by 72o and the temperature 
coeflScient of resistance referred to that temperature 
by a 

-Bp 

0 B — 



(20) 



Thus the calibration formula (19) may be written in 
the form 
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The product i?oa is equal to the slope of the curve 
of resistance plotted against air temperature and is 
•approximately independent of the air temperature. 

Two typical calibration runs are sho-wn in table EC 
«nd figure 7. In the table the details of the computa- 
tion of the true speed u from the pressure developed by 
a reference static plate and the air density are omitted, 
since the procedure is well known. The two calibra- 
tions at the beginning and end of the series of observa^ 
tions show very satisfactory agreement. Such good 
agreement was not obtained in all cases, especdally when 
the wire was subjected to speeds of 130 to 150 feet per 
second. In those instances where the calibration curves 
were different, an iaterpolation was made. In about 
one-third of the 62 series of observations made, the 
calibration curves at the beginning and end agreed as 
well as those shown in figure 7. In some 25 series the 
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FiOTOE 7. — Calibration curves for hot-wire anemometer. « is the air speed in feet 
per second. See text for explanation of otiier s:pnboIs. Tlie dots and crosses dis- 
tingnliOi the calibratlonB at the beginning and end of a seriei of observations of dig- 
tdlnition of mean speed and speed flnetnation. 

difference corresponded to a shift in the value of it/Z7o 
of 0.01 to 0.03, so that the interpolated values have a 
probable precision of about 0.01. In the remaining 16 
series, the difference corresponded to a shift in li/Z/o 
greater than 0.03, rarely exceeding 0.06. In these cases 
the interpolated values have a probable precision of 
about 0.02. The use of the small diameter- wire 
required to obtain fluctuation measurements impairs 
somewhat the precision of the measurements of mean 
speed. 

Determination of the mean speed. — ^The determina- 
tion of the mean speed in one series is illustrated in 
table m. The detailed micrometer readings and 
potentiometer readings are omitted, only the final 
values of y and of the voltage drop being given. The 



procedure may seem somewhat cumbersome, since one 
might plot the observed voltage drop in the calibration 
runs against speed and from such curves read off the 
speeds corresponding to the observed voltage drop in 
table m. The advantage of the procedure followed is 
the linear form of the calibration curve and its inde- 
pendence of air temperature. The final values obtaiaed 
are not significantly affected by comparatively large 
changes in and a so that these quantities do not 
need to be known with high precision. 

Heat loss due to presence of the plate. — When a 
hot-wire anemometer is used near a solid wall, the heat 
loss at a given speed is probably affected by the 
presence of the wall. In stiU air, the effect is qxiito 
perceptible at distances of about 0.08 inch from the 
wall. The magnitude of the effect is known to be a func- 
tion of the speed, decreasing as the speed increases 
(reference 20). No entirely satisfactory procedure has 
been devised to correct for this effect. 

Van der Hegge Zijnen determined the heat loss in 
still air as a function of the distance from the surface 
and the temperature difference between the wire and 
the surroundings. He then deducted from the observed 
heat loss in his experiments the excess heat loss found 
in still air at the same distance and temperature differ- 
ence above the heat loss at a laige distance from the 
plate. 

A similar determination of the heat loss in stiU air 
was made in the present series of experiments and it 
was found that for temperature differences 0 from 100° 
C. to 400° C, distances y 0.004 to 0.070 inch, the heat 
loss Hf due to the plate could be represented by the 
empiiical formula 

B'p=0.0000000127|«» (22) 

where I is the length of the wire in inches, and Hp is 
measured in watts. 

The result of applying this correction to the results 
of table m is shown in table IV. The value of ujUo at 
T/= 0.015 inch is reduced by 0.05. 

Van der Hegge Zijnen noted that in some instances 
application of the correction gave S-shaped curves. 
He also found that the speed-distribution curves did 
not pass through the zero of the diagram and he 
arbitrarily decreased the y values by amounts from 
0 to 0.005 inch to make them pass through zero. It is 
significant that application of the heat-loss correction 
based on stiU air determinations will produce a change 
in the intercept on the y axis in the direction observed. 

On the basis of the results obtained for the laminar 
part of the boundary layer, which will be discussed 
later and the results of Schubauor (reference 21), it 
seems best to make no correction for heat loss when the 
flow is laminar and the speed is greater than 3 feet per 
second. In the absence of further information on the 
behavior of the wire when the flow is eddying, no 
correction has been made in that cose either. 
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Determination of flnotnations. — ^The root-mean- 
square fluctuation in speed may be determined by 
measuring the root-mean-square fluctuation in voltage 
drop across the wire by means of a calibrated amplifier 
suitably compensated for the lag of the wire. Since 
the cooling is approximately independent of the direc- 
tion of the air flow, the fluctuations are fluctuations of 
the absolute value of the velocity but, since the u-com- 
ponent of the fluctuation adds algebraically to the 
mean speed u whereas the e-component is at right 
angles, the fluctuation is primarily the i^-fluctuation 
and is so designated in this paper. 

The relation between speed fluctuation and voltage 
fluctuation may be fotmd by differentiating (21) per- 
mitting i and R to vary, as follows: 



(23) 



i^*- (5=S5^= 2 

To connect di and dB, we have the relation 

12=i(JEt+r) (24) 

where 12 is the battery voltage and r is the resistance of 
the heating circuit, excluding that of the wire. Hence 



di= 



B+r' 



12 



(25) 



and we find on substitution in (23), setting { dB=dE 

If root-mean-square values are considered, the minus 
sign may be omitted. 

A typical determination, omitting details of the com- 
putation of the compensation resistance and calibra- 
tion of the amplifier, is shown in table V. 

If a correction had been applied for heat loss accord- 
ing to (22), it is easily shown that a third term is added 
within the brackets on the light-hand side of (26) equal 

, 0.0 00 OOP 012 7 ,p, fl, . , 
to ■jfiRfia effect of Tnn.iriTig this correc- 

tion to tiie results of table V is shown in table VI. The 
values of — are modified but there is very little change 

in the values of 

Fairing of results for preparation of oontour dia- 
grams. — ^In order to prepare contom: diagrams, the 
results of each series were plotted as shown in figure 8 
and values read from faired curves at even intervals of 
v/Uo and du/Uoas illustrated in table VII. The a; and y 
Reynolds Numbers were computed. It may be re- 
marked in passing that figure 8 illustrates the distribu- 
tion of mean speed and •u-fluctuation near the beginning 
of the transition region. 

It does not seem practicable to present the original 
observations of the 62 series of observations. The 
sample series gives some idea of the preciaon and 
accuracy of the observations. In general, it is believed 
that the errors in do not exceed 0.003 inch (except in 



the preliminary series A), the errors in u/Uo do not 

exceed 0.02, and the errors in 100 ^ do not exceed 0.2 

except for the very high values in the transition region. 
The contour diagrams used to present the results can 
be read easily to this precision. 

No corrections have been applied for heat loss to the 
plate. 

PBEUMINABT MEASUBBMBNTS WTTH PBBSSUBE GBADIENT 

The measurements now regarded as preliminary 
measurements (series A) were not so intended when 
the work was begun. They are here reported in spite 
of some inadequacies because some of the results are 
of interest and the experiments with pressure gradient 
were not repeated with the improved equipment. 

The plate (fig. 5) and the traversing apparatus have 
already been described. The equipment was installed 
in the wind tunnel and the plate was alined to give a 
symmetrical wake as determined by a pitot tube. This 
installation required setting the plate at an angle of 
approximately 0.1° to the axis of the tunnel. Although 




navBB 8. — Dlsbrlbntlon of mean speed and tt-flnotaatlan at s— 23 Inobes for Dii 
lOSJftet per second. Tnilmlence of free 8tieam,0.S percent 

this necessity indicated at once that the leading-edge 
form was probably not the most desirable one, it was 
decided to proceed with some measurements. 

The pressure gradient along a line parallel to and 
9 inches from the plate is shown in figure 9. For the 
most part the pressure gradient is not* constant. There 
is, however, a distance of about 2 feet, b^inning about 
8 inches downstream from the leading edge, over which 
the pressure falls at the rate of about 1.7 percent of the 
velocity pressure per foot. 

The test speed chosen was approximately 100 feet 
per second. If transition had occurred at the same 
x-Reynolds Number (300,000) as in the measurements 
of van der Hegge Zijnen, it should have been found 
6 inches behind the leading edge. Measurements at 
6.32 inches and 17.5 inches gave distributions of mean 
speed of the laminar type although the ti-fluctuations 
were considerably larger than in the general flow. 
After some study of a very pronounced disturbance 
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at the leading edge, measurements were made at 
35.63 inches from the leading edge where the flow 
still was of the laminar type. The speed was then 
increased to 145 and finally to 175 feet per second, at 
which speeds the transition type of distribution was 
found at a distance of about 35 inches. 

The results of the measurements of mean speed are 
shown ia figure 10, omitting two runs which will be 
discussed separately. Transition begins at an x-Eey- 
nolds Nxmiber of approximately 1,800,000. From 
the plot the values of y appear to be subject to a 
systematic error, since the 0.3 speed contour is much 
closer to the wall than three times the distance between 
the 0.3 and 0.4 speed contour. A detailed study by 
means of cross plots and comparison with the Blasius 
distribution led to the conclusion that the values of 
y are probably too small by about 0.008 inch, corre- 
sponding at a speed of 102 feet per second to a dis- 
placement of the values of Rg by 400. It appeared 
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FiouBE 9.— Pressoie Eradlent formeasaiBments of series A (figs- 10 to M, Inelnslve^ 
irbtbe nfeience velocity piemnie. The crosses denote measoiements of statio 
pressure; the circles, chanses in the velodty pressure plotted vith sign reverted. 
The Tclodtr pressnre increases as the statio pressnre decreases bnt at the saice rate. 

that the mounting of figure 5 was not sufficiently rigid. 
It was found that the moimting vibrated somewhat in 
the wind with a vibrating motion of perhaps 0.005 
inch at the wire. For this reason no great reliance 
can be placed on the values of y, but the general 
character of Hie speed distribution and the value of 
the x-Reynolds Nimaber for transition are not affected 
by this uncertainty. 

Two nms which have been omitted from figiure 10 
are worthy of special consideration. After the obser- 
vations at 102 feet per second were completed, obser- 
vations were made at 145 feet per second, beginning at 
a distance of 35.3 inches from the leading edge, then 
29.44 inches, each giving a transition type of curve. 
On the following day measurements were made at 
23.31 inches and, surprisingly, the distribution was 
that characteristic of fuUy developed turbulent flow. 
This result seemed xmreasonable and the next day a 
repeat run was made without disturbing the apparatus. 
The curve obtained was of the transition type, not 
checking the previous run. A week end intervened 
and 3 days later a second repeat run was begun. 
After one observation, which appeared to fall in with 
the immediately preceding run, it was noticed that the 



plate was somewhat dusty and it was decided to clean 
the plate. This was done and the nm continued. 
The distribution then observed was of the laminar 
type, the run being that plotted in figure 10 for an 
i-Reynolds Number of 1,615,000. 

The three distributions, all obtained within a few 
days under presumably identical conditions except for 
the amount of dust on the plate, are shown in figure 11. 
This plot ^ves the essential difference in character of 
the distribution of mean speed in the laminar, transi- 
tion, and eddying regimes. 

The corresponding 1^■fluctuations are shown in figure 
12. There are illustrated the characteristic distribu- 
tions of «-fluctuatious for the laminar, transition, and 
eddying regimes. 

The observations of -w-fluctuations ore hardly com- 
plete enough to enable the plotting of on accurate 
contour diagram. The values from faired curves are 
indicated in figure 13, the two runs previously dis- 
cussed being omitted. The solid contours are drawn 
on the assumption that the observations at x-Reynolds 
Numbers of 117,000 and 1,773,000 axe not to be con- 
sidered. Since the necessity of keeping dust removed 
from the plate was not appreciated; the various meas- 
urements may not bo comparable. The location of 
the contours has been gmded to some extent by the 
results of the later measurements. 

One interesting feature is the disturbance near the 
leading edge. The -u-fluctuation in the free stream was 
only 0.5 percent of the mean speed, whereas in this dis- 
turbance- the It-fluctuation is 6.0 percent of the mean 
speed in the free air stream. Evidently the stagnation 
point is on the inclined leading edge and the flow around 
the sharp comer sets up an increased turbulence. This 
turbulence is damped out to some extent along thie 
plate, then increases, slowly at first, but very rapidly 
in the transition region. The primary purpose of pre- 
senting these exploratory measurements is to show that 
with on accelerating pressure gradient present the 
strong leading-edge disturbance is not sufficient to 
produce on early transition. 

At 35.5 inches, the flow was still of the transition 
type, so that completely eddying flow was not obtained 
in tbds series of measurements. 

When it was realized that the traverse mechanism 
was not giving suffidentiy accurate values of y, that the 
leading edge shape was very poor, that the plate must 
be kept free of dust, and that the influence of the 
pressure gradient was very large, it was decided to 
make a completely fresh start. 

MEASUREMENTS WITH SMALLER PBESSUBE GRADIENT 

ETormal air stream. — As abeady described a new 
plate was obtained with sharp symmetrical leading 
edge and a new traversing mechanism was constructed 
(fig. 6). In addition, an attempt was made to secure 
the condition of zero pressure gradient. It was firat 
thought that the desired result might bo obtained by a 
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FlOUBB 10,— Distribution o{ mean speed, prellmlngiy series A, with pressure gradient of f gnre 9, torbolesce of tree stream, 0,S percent. See legend of figora I (or notation 
n, the speed of the Cree stream. Increases slightly along the plate. The contonm are contows of equal u/V. 
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FiauBE 13.— DIstrlbatlon of u^otnaUon, prelimbiary series A, with pieisnre gradient of figare 9, turbulence of free stream, 0.S percent. The ccototuni are contour 
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slight indination of the plate to produce an expandii]^ 
cross section between the -working side of the plate and 
the wall. Pressure surveys showed considerable local 
variations near the plate of the nature found for small 
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Section a-a a 
FiavBE 14.— "BUsteis" installed in wind tnnnd to reduce luemue gradient. 



Several weeks were spent in modifications of the con- 
tour of the blisters to secure approximately zero pres- 
sure gradient. The ideal was in no wise attained and 
the first series of measurements with the improved 
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Fjovbe If.— Prsssore gradient for measnrements of series B and Q (flgs, 10 to 22, 
IndDSlve). See legend olflgoree. The speed of tho free stream deports Irom tbe 
mean Talue by a maxlmiini of 0.4 percent. 



11,000 
10,000 
9,000 
8,000 
7,000 



V 



6.000 



5,000 



4,000 



3,000 



2,000 



1,000 



119 n.per sec. 
■X li- 135 ft.per sec- 
o C(,~I53 ft. per sec 




..3 



8 



10 12 14 16 16 20 22x10' 

V 

FIOOEK 16.— DistrlbuOon of mean speed, series B, with pressure gradient of flgnre 16, turbulence of free stream, 0 Jl percent. See legend of figure 1 for notaUon. 

apparatus was made under the pressure gradient shown 
in figure 15. The pressure falls sHghtly for 2 inches, 
then rises at the rate of about 0.9 percent of the ve- 
locity pressure per foot for about 19 inches, then falls 
at a rate of about 1 percent of the velocity pressure per 



plates set at a small angle of attack. Attention was 
then turned toward producing the expanding cross 
section by suitable blocking at the tunnel walls. The 
general form and scale of the "blisters" applied to the 
tunnel wall is shown in figure 14 at K. 
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foot. By comparison vsith figure 9, the total range in 
pressure has been reduced to one-fourth of that pre- 
viously found and the maximum gradient has been 
reduced to about one-half that previously found, with 
gradients of both signs occurring. 

In the first series of measurements (series B), only 
mean speeds were determined. Sixteen traverses were 




3 4 5 6 

FioOBE 17.— DIstrfbutloD of mean speed, forx-5, 11, and 17 Incbes, series B, plotted 
for comparison with tbe Blasins dlstribatlon. 

made in all, at distances 2, 5, 11, 17, 22.8, and 28.8 
inches from the leading edge, at speeds of 119 and 135 
feet per second except for one run at 28.8 inches for 
which the speed was 153 feet per second. The contour 
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FiaUBE 18.— DlstrlbnUon of mean speed, for i-Besmolds Nnmbers 1,007,000 and 
2,0S3,Kn, series B, plotted for comparison with tbe logariOmiio distribution. 

diagram prepared from faired curves similar to figure 
8 is shown in figure 16. 

Transition begins at an aj-Reynolds Nmnber of about 
1,100,000. The observations for the several speeds are 
quite concordant and there is no indication of any sys- 
tematic error in the values of y, except possibly at the 
2-uich station (a>-Ee3raolds Number about 120,000). 

Figure 17 shows that the results for the 5-, 11-, and 
17-inch stations are in very satisfactory agreement 
with the Blasius theoretical curve. In this figure, the 
origiaal observations, not faired values, are plotted. 
The agreement would not have been so good had the 



heat loss to the wall in still air been apphed as a cor- 
rection to the observed heat loss. 

The data available ia the eddying region are hardly 
suflBicient to make possible any extensive analysis. In 
figure 18 observations for i-Keynolds Numbers of 
1,607,000 and 2,083,000 are plotted in a form suggested 
by equation (15). This equation represents the data 
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FiGVBE 19.— nistrlbatlon ot mean speed, for x-BeynoIds Number 1,607,000 and 
2,083,000, series B, plotted for comparison wltb the poirer-law dlstrfbation. 

weU within the precision of the observations over a 
wider range than the power law representation shown 
in figure 19. The lines drawn in figure 19 correspond 
to exponents of 0.16 and 0.17. 
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FiauBE 20.— DIstrlbntloD of mean speed, series I), with pressure gradient of fienre 
16, torlmlance of free stream, 0.4 percent. Bee legend of flgnre 1 for notation. 

The first series of measiurements of mean speed only 
(series B) was made during the month of Jime 1930. 
In October, after the completion of some measure- 
ments with increased turbulence of the wind stream, 
a second series of measurements (series D) was made 
in which both mean speed and -ii-fluctuations were 
determined. Twelve traverses were made, at distances 
of 2, 5, 11, 17, 23 and 28 inches, at a speed of 105 
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feet per second. The contour diagram of the distri- 
bution of mean speed is shown in figure 20. 

Comparison of the original observations for the 2-, 
5-, 11-, and 17-inch stations with the Blasius curve is 
made in figure 21 . There is some evidence of a system- 
atic error in 7/ of the order of 0.001 inch, the observed 
values being too large. From the construction of the 
traverse mechanism, the eflfect of wind load on iHe 
prongs would be to deflect the mounting toward the 
plate. Such an effect is not indicated, however, in 
the earlier series (fig. 17). In view of the difficulty 
of the measurements, it seems quite clear that the Blas- 
ius curve is an acciurate representation of the laminar 
portion of the velocity field near a plate -with sharp 
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TrauBE 2L— Distribution of mean ipeed. Ibr x— 2, 6> 11> and 17 Inches, series U, 
plotted Ibr comparison with the Blaslns distribution. 

symmetrical leading edge in a stream without appre- 
ciable pressure gradient. 

No observations of this series fall within the eddying 
region. 

The contour diagram of the Tt-fluctuations is shown 
in figiure 22. It is not possible without greatly con- 
fusing the diagram to show either original observations 
or faired values. In one traverse at 11 inches, the 
fluctuations were abnormally lai^e and not concordant 
with two additional traverses at the same station. 
The cause is not known, and results for this one trav- 
erse have not been considered. Otherwise, the indi- 
vidual traverses were reasonably concordant, and it 
has only been necessary to smooth out minor incon- 
sistencies. The faired values from which figure 22 was 
prepared are given in table VUUL. The ■u-fluctuation 
in the free air stream was 0.5 percent of the mean 
speed. 

The interesting featmres of figure 22 are the leading- 
edge disturbance, which has not been completely 
eliminated; the fluctuations in the laminar region of 
magnitude about three times the free-stream fluctua- 
tion; the increasing amplitude of fluctuation beginning 
at an a-Reynolds Number of 700,000, as compared, 
with transition at 1,100,000 as inferred from the dis- 
tribution of mean speed; and the lai^e amphtude of 
fluctuation in the transition region. 



Artificially ttirbulent air straam. — The very high 
value of the x-Reynolds Number, 1,100,000, for transi- 
tion, as compared to the value 300,000 observed by 
van der Hegge Zijnen and Hansen, is undoubtedly to 
be attributed to the small magnitude of the ■w-fluctua- 
tions in the normal air stream of the 3-foot ^vind 
tunnel. In order to definitely confirm this statement, 
the turbulence was artificially increased by the intro- 
duction of a wire screen of K-inch mesh 39 inches 
ahead of the leading edge of the plate. Some 200 
small aluminum tags about l)i inches by 1 inch by 
K» inch were fastened to the screen by paper clips. 
The tags, fluttering in the wind, produced a large 
distributed v-fluctuation whose root-mean-square value 
was about 3.0 percent of the mean speed of the air 
stream. The fluctuations normally present were ac- 
cordingly increased by a factor of 6. 

The «-fluctuation decreased slightiy along the plate, 
from about 3.2 percent at the leading edge to about 
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OgX 
V 

FiouBE 22.— Distribution of n^fluotnaUon, series D, with pressure gradient of figure 
15, turbulence of free stream, 0.6 percent See legend orflgure 13. 

2.8 percent at 28 inches from the leading edge. The 
maximum smgle value observed was 3.42 and the 
minimum, 2.56 percent. 

The pressure gradient along the plate was that 
shown in figure 23. The variation is similar to that of 
figure 15, but the appro;simation to constant pressure 
was somewhat better. 

Twelve traverses were made at a speed of about 65 
feet per second at distances 2, 4, 6, 6, 7, 8, 10, 11.5, 
13, 18, 23, and 28.5 inches from the leading edge, and 
ten traverses were made at a speed of about 32.5 feet 
per second at distances 4, 8, 10, 12, 14, 16, and 28 
inches. In six cases, therefor^, approximately the 
same ar-Keynolds Number was obtained at two speeds 
differing by a factor of 2. The choice of speeds 
considerably lower than 100 feet per second permitted 
some increase in precision. The contour diagram pre- 
pared from faired curves is shown in figure 24. 
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Transition begins at an x-Reynolds Number of the 
order of 100,000; i. e., very close to the leading edge. 
The results for the two speeds are reasonably con- 
cordant and, in the six cases where the same Reynolds 
Number was obtained at the two speeds, there is no 
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FtoDBB 23,—Fressiir8 gradient for measnrements of series O (figs. 21 to 26, Indaslve}. 
See legend of figure 9. The speed of tbe free stream departs from the mean valae 

by a maximum of 0^ percent. 

evidence of a systematic difference. Comparison of 
figure 24 with figiu-es 16 and 20 will emphasize the 
very great influence of the initial ttu-bulence of the 
wind tunnel on the velocity distribution and hence on 
the skin friction. Only the measurements at the 
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Q U^' 65.5 ft. per sec. 




nms show that the precision of the measurements is 
not sufficiently great to determine the slope with very 
great accuracy. 
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FIOORB 2t.— DIstrtbntlon of mean speed, series C, witb pressure gradient of fijmv 
23, turbnienoe of free stream, 3.0 percent. See legend of flgmre 1 for notation. 

2-inch station are in the laminar region. These two 
traverses agree well with the Blasius distribution. 

Figure 25 shows the results of four traverses in the 
eddying region at an x-Reynolds Number of approxi- 
mately 435,000 and one traverse at 888,000 plotted in 
the form suggested by equation (15). The four repeat 
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TiGVBB 26.— Distribution of mean speed, forx-Beynolds Nombers 431,000 and 888,000, 
series O, plotted for comparison witb the logarltbmlo distribution. 

The contour diagram of the -w-fluctuation is shown 
in. figure 26. The faired values from which the dia- 
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FiQTOB 29.— Dlstribatlon of n-flnotaatlon, series O, with pressure gradient of figure 
23, turbnience of tree stream, 3.0 percent. See legend of figure 13. 

gram was prepared are given in table IX. The region 
of maximum ■w-fluctuation occurs at an s-ReynoIds 
Number of about 200,000, corresponding roughly to 
the middle of the transition region. In the eddying 
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region the magnitude of the fluctuation is of the order 
of 4 or 5 percent of the mean speed as compared mth 
the free stream value of about 3 percent. 

DISCUSSION 

Meaning of fluctaations in laminar region. — The 
distinction between laminar and eddying flow is usu- 
ally based on the nature of the variation of the skin 
friction with speed or on the nature of the speed dis- 
tribution as has been more fully discussed in the sec- 
tion on Previous Experimental Work. The skin 
friction and speed distribution in laminar flow are 
generally computed on the assumption of steady flow, 
and the agreement between experimental results and 
theoretical calculations leads us to picture the laminar 
flow near a plate as a steady flow. The experiments 
described in this paper clearly show that the conclusion 
is incorrect; the experiments together with the com- 
putations illustrated in figures 3 and 4 indicate that it 
.is possible to have lai^e speed fluctuations with no 
measurable effect on the distribution of mean speed. 

On the other hand, it has long been known that 
"eddying flow is characterized by fluctuations of speed 
at a given point and hence there is a temptation to 
iidentify speed fluctuations with turbulence. Here 
again the experiments described in this paper show 
that large fluctuations ore not confined to the region 
of eddying flow. It is not possible to determine by 
measurement of amphtude of fluctuation alone whether 
the flow is laminar or eddying. 

This result and a brief account of the measurements 
described in this paper were reported to the Foiuiii 
International Congress of Applied Mechanics at Cam- 
bridge, England, in 1934. ToUmien discussed this 
account in reference 22 and emphasized by examples 
the importance of considering the correlation between 
the several components of the velocity fluctuations. 
He says "In order to produce a shearing stress a corre- 
lation is necessary between the components of the 
velocity fluctuations in two different directions. This 
h of course well known. But one has hitherto fre- 
quently regarded the mere existence of velocity fluc- 
tuations as sufficiently characteristic of turbulence in 
the tacit expectation that a correlation between the 
components of the fluctuations would be present. It 
is therefore necessary in general to give the greatest 
attention to the correlation between any, even theo- 
retical, velocity fluctuations which have been deter- 
mined, in order to be certain of the effect of the fluc- 
tuations on the form of the velocity distribution curve." 
One of the interesting examples in ToUmien's paper is 
the von Kdrmdji vortex street, which shows no corre- 
lation between the longitudinal and lateral components 
of the velocity fluctuations. 

It may be remarked that the fluctuations in the free 
stream of the wind tunnel are of this tmcorrelated 
type having no influence on the distribution of mean 
speed. Since these fluctuations have generally been 



called "turbulence", the author denotes a flow with 
the correlated type of fluctuations as "eddying" flow. 
Whether these particular names are generally adopted 
or not, there should be some dear distinction by means 
of different names between fluctuations whose com- 
ponents are uncorrelated and those which show corre- 
lation. Most experimenters would consider the flow 
in a von K&mdn. vortex street as highly turbulent. 

In the discussion at the Congress of AppUed Me- 
chanics, it was pointed out that the fluctuations in the 
laminar layer were, generally speaking, of lower fre- 
quency than the fluctuations in the eddying layer. 
At the time the measurements described in this paper 
were made, a suitable oscillograph was not available. 
In 1934, after the Cambridge meeting, a plate was 
installed in the 4M-foot wind tunnel at the National 
Bureau of Standards and records of the fluctuations 
made with a cathode ray oscillograph. For conveni- 
ence, the flow -was made more turbulent by a wire 
screen of 1-inch mesh placed about 4.5 feet upstream 
from the plate. The u-fluctuation of the free stream 
was approximately 1.3 percent of the mean speed, 
giving transition at an a;-Eeynolds Number of about 
500,000. The pressure gradient was not detorminod 
and the values of y were not accurately measured; 
hence these values ore not comparable with the data 
reported in the preceding section. The records ob- 
tained are shown, in part, in figure 27. They were not 
made simultaneously. It is seen that the fluctuations 
in the laminar region (position 2) are much less rapid 
than those in the eddying region (position 5). 

It should perhaps be pointed out that "slow" and 
"fast" are in this connection purely relative terms, the 
absolute magnitude of the rate of change of speed 
being a function of mean speed and of the thickness of 
the boundary layer. In any given flow, the distinc- 
tion between laminar and eddying flow con be made 
on this basis, but in two different flows at wdely 
different speeds and with boundary layers of Avidely 
different thickness, the use of this simple criterion 
would not be safe. 

In the opinion of the author, the fluctuations in the 
laminar layer are to bo regarded as forced oscillations 
produced by the turbulence of the ■\vind-t\mnel air 
stream. The qualitative distribution is very similar 
to that computed in the highly simplified manner 
described in the theoretical treatment of the transition 
and pictm-ed in figmre 4. Since, however, the distri- 
bution in the "free" oscillations as computed by 
Schhchting (reference 23) is also of much the same 
character, the general shape of the distribution curve 
cannot serve as a criterion of whether the fluctuations 
are forced or free. 

Transition from laminar to eddying flow. — ^Figures 
1, 10, 16, 20, and 24 show a gradual transition region 
extending over a range of a^-Keynolds Numbers of 
200,000 or more. It is very difficult to state definitely 
where the transition begins. The departures from the 
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Blasius distribution begin earlier for speed contours 
in the neighborhood of 0.4 or 0.5 than for the 0.9 
contour. The layer begins to tMcken rapidly at a 
somewhat greater s-Eeynolds Number than that at 
which the speed near the surface begins to be accel- 
erated. The character of the first noticeable change 
may perhaps best be seen in figure 8. 

Figures 22 and 26 show that the rate of increase of 
the amplitude of the '^^■fluctuation is accelerated at an 
a!-Reynolds Number considerably lower than that for 
which noticeable departirres from the Blaaus distri- 
bution of mean speed occur. 

Finally, figure 27 shows that the transition is in fact 
a sudden phenomenon. Near the upstream limit of 
the transition region, eddying flow occurs intermit- 
tently at infrequent intervals, the flow being of the 
eddying type for only a small fraction of the time 
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Fiouus 2<j.— Departure of tLe 0.4, 0.i, and UJi contours ol u.ean speed In flgore IS 
from the Blastos poalUcmi. Tbe ordlnates represent the ohseived f-Beynolds 
Nmnbeis for the qieed contoiini minus the v-BeyooIds Nnmher computed Itom 
Bbsitu' Eolation for a lanilnBr boundarr layte. 

covered by the record. Near the downstream limit, 
laminar flow occurs infrequently. 

The process may be pictured somewhat as follows: 
Tranation is a sudden phenomenon controlled by 
the instantaneoiiB pressure distribution arising from 
the turbulence of the free air stream. As the pressure 
distribution fluctuates, the point of transition fluc- 
tuates back and forth along the plate. At a given 
point in the transition region the flow is sometimes 
laminar and sometimes eddying — ^more frequently 
laminar as the point of observation is moved upstream 
and more frequently eddying as the point' is moved 
downstream. Since the turbulence of the free stream 
is constant only in a statistical sense, there is a point 
of transition only in a statistical sense. The designa- 
tion of the Reynolds Number at which transition occurs 
becomes then a matter of definition. 

No entirely satisfactory definition has been found. 
The values quoted can be regarded only as approxi- 



mate. In figure 28, the departures of the distribution 
of mean speed of figure 16 from the Blasius distribu- 
tion are plotted for the 0.4, 0.5, and 0.9 contours. The 
value of the a^Reynolds Number for transition has 
been given as 1,100,000. It is obvious that significant 
departures occur at a somewhat lower a-Reynolds 
Number for the 0.4 and 0.5 contours, perhaps as low 
as 900,000 whereas the 0.9 contour does not show 
significant departures until 1,300,000. 

The \ise of a Reynolds Number based on the "dis- 
placement thickness" 5*, which equals J* (l—u/Uo)dy, 

has often been suggested. A plot of 5*-Re3molds 
Number against x-Reynolds Number, compared with a 
similEir plot of the 5*-Reynolds Nimiber computed 
from the Blasius distribution, is not found to give 
dear indications of transition, because the departures 
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FiouBE 19.— The i'-Beynolds Number for the several series o[ obserratlonK cs a 
ftmotlan of the SQuare root of the i^SeTiioIds Number. The transition begins at 
the values Indicated by the arrows as determined from the distribution of mean 
speed. 

from the Blasius distribution expressed as differences 
in 2/-Reynolds Number for a given speed are in one 
direction for the 0.4 and 0.5 contours and in the oppo- 
site direction for the 0.8 and 0.9 contours. The two 
effects partly compensate and lead to only moderate 
departmres of the 5*-Reynolds Number from the Blasius 
result, which are sometimes masked by experimental 
errors. 

The comparison was made, however, and the results 
are given in figure 29. The values of the 5*-Reynold8 
Number were computed by Simpson's rule from the 
faired values similar to those of table VII. Between 
the lowest value of it/ZJo (0.3 in table Vii) and zero, a 
linear interpolation was used. The transition points 
are indicated in figure 29 by arrows. The points for 
the preliminary observations of series A show the 
apparent systematic error of about 400 in the value of 
IJtylv to which reference has previously been made. 
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If correction is made for this shift, the 5*-Reynolds 
Number at transition appears to be about 2,200. 

Series B shows a somewhat earlier transition than 
series D as may also be seen from a careful examination 
of figure 16 and figure 20. In view of the difficulties of 
raoasurement, the results may be averaged to give a 
5*-Reynold8 Number of about 1,700. 

The exudes for series A, B, and D show a bending 
away from the Blasius curve toward lower values with 
approach to slowly changing 5*-Reynolds Number with 
increasing x-Reynolds Number. This deflection is fol- 
lowed for series B by a rapid increase. The same efifects 
are not marked for the series C observations. From 
figure 24, it is clear that transition begins at an 
x-Reynolds Number of about 100,000 corresponding 
to a 5*-Reynolds Number of about 560. No per- 
ceptible departure of the 6*-Reynolds Number curve 
in figure 29 from the Blasius curve occms until much 
higher values. 

It is possible to suggest an unambiguous definition 
of the Reynolds Number of transition; for example, that 
for which the 0.4 contovu" deviates from the theoretical 
Blasius position by a y-RejTiolds Number of 100. 
But so long as the effects of experimental errors com- 
bined with the effects of imavoidable departures from 
the uniform pressure assumed in the theory axe of the 
order of 300 or 400, accurate determinations cannot be 
made in accordance with such a definition. 

Meet of turbulence. — In the experiments of van der 
Hegge Zijnen and of Hansen, the turbulence of the 
air stream was not measured, no method then being 
known. From the dimensions of the honeycombs and 
their location and published data (for example, that in 
reference 17), wo may estimate that the turbulence 
was between 1 and 2 percent. The corresponding 
avReynolds Number for transition was about 300,000, 
and the 5*-Reynolds Number for transition about 940. 

The experiments described in this paper give the 
following results: 



Tnrbnlence 
percent 
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Number 
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The available data do not suffice to construct a well- 
defined curve such as that established for the relation 
between the critical Reynolds Number of a sphere and 
the turbulence (reference 18).' Nevertheless, there h 
little doubt that such a relation exists. The effect of 
turbulence is obviously very great. It is beheved 
that the evidence presented supports the view that in 
an air stream of approximately uniform static pressure 
and for a smooth plate with sharp leading edge, the 
avReynolds Number for transition is a fimction of the 
turbulence varying from about 1,100,000 to 100,000. 

Effect of pressure gradient. — ^The preliminary series 
of experiments showed that the effect of a pressure 



gradient such as shown in figure 9 was to increase the 
x-Reynolds Number for transition in a stream of 
turbulence 0.5 percent from 1,100,000 to 1,800,000. 
The change in the 5*-Reynolds Number is ^not so 
definitely established in view of the apparent systematic 
error in the preliminary series, but the author beUeves 
that with the pressure gradient the 5*-Reynolds Nimi- 
ber was increased from 1,700 to about 2,200; in other 
words, approximately in the same ratio as the square 
roots of the af-Reynolds Numbers. 

The effect of an accelerating pressxu-e gradient is 
then to delay the transition. This effect does not 
contradict the picture of the mechanism of transition 
described in the theoretical treatment, for the addi- 
tion of a steady accelerating pressinre gradient to the 
fluctuating pressure gradients of the turbulence of the 
air stream woiild reduce the magnitude of the instanta- 
neous retarding gradients and hence delay separation. 
It is interesting to speculate on the effect of an acceler- 
ating gradient so large as to suppress entirely the 
retarding gradients in the fluctuations. A funda- 
mental investigation of the effect of pressure gradient 
with constant tiurbulence is lugentiy needed. It is 
desirable that such experiments be made with both 
low and high degree of turbulence in the air stream. 

Speed distribution in eddying region. — From the 
slopes of the lines in figure 18 and von Kdrmdn's 
value, 0.4, of the imiversal constant k, the local friction 
coefficient may be computed according to equation (1 5). 
The values obtained are 0.0076 and 0.0057, respec- 
tively, which are unreasonably high. 

Similarly the slopes of the lines in figure 25 give 
values of the local skin-friction coefficient computed 
from equation (15) for k=OA of 0.0057 and 0.0062 
which again are unreasonably high. From von Kkr- 
mfin's table (reference 16) values of the order of 0.0045 
and 0.0038 would be expected. Such a large difference 
is not accoimted for by any reasonable assmnption as 
to the errors in the velocity determinations. AppUca- 
tion of the stiU-air heat-loss correction would increase 
the discrepancy. 

The explanation of the discrepancy is that in the 
thin boundary layer nearly all stations are sufficiently 
near the wall that the effects of viscosity cannot be 
neglected, the ^/-Reynolds Nmnbers being less than 
4,000. 

Since no independent determination of local skin- 
friction coefficients was possible in the present experi- 
ments, no direct comparison can be made. It is of 
interest, however, to estimate the local skin-friction 
coefficients C/ from von Kfirmdn's table and to plot the 

/ S\U u 

distributions of figures 18 and 25 with \^^J jj-aa ordi- 
nate and log 10^^^^-^ as abscissa. This has been done 

La figure 30. The solid curve is that determined by 
von Kdxm&n from Nikuradse's measurements in pipes. 
In the estimation of C/, the Reynolds Number used was 
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that obtained by assuming the eddying layer to b^in 
at the beginning of the transition region. 

The measurements with artificial turbulence lie 
about 4 percent above von Kfirmfin's curve but sensibly 
parallel. On the other hand, the measurements -with 
very small turbulence in the air stream show a diflferent 
slope. The exact significance of this difference is not 
clear. The speed fluctuation at the center of a pipe in 
which the flow is eddying is of the order of that at the 
outer edge of the boxmdary layer in the eq)eriments 
with artificial turbulence. The observations now 
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Fiatms 3a— Distribution of mean speed in eddying legion lor ctunpailson with 
sarmin's formnla. The data are those shown In fignres 18 and 2S. The local 
tiriotton coefficient C/, Is estimated by dssmnlng that the eddying begins at the 
beginning of the transition region. 

available are too few to be certain that the shape of 
the speed-disttibution curve near a plate is actually a 
function of the turbulence of the stream, as suggested 
by figure 30. 

CONCLUSION 

The intensive study of the boundary-layer flow near 
a thin flat plate promises to yield considerable informa- 
tion as to the origia of eddying flow and the effect of 
turbulence in wind-tunnel experiments. The informa- 
tion now available shows that the velocity field varies 
greatly with the turbulence of the air stream, and with 
the pressure gradient. The Reynolds Number at 
which transition occurs in a stream without pressure 
gradient decreases greatly as the tmrbulence is increased. 

The presence of fluctuations is not an indication of 
the presence of eddy shearing stresses. The laminar 
layer shows speed fluctuations of amplitude consider- 
ably greater than that in the free stream. These 
fluctuations do not produce departures from the theo- 
retical Blasius distribution for laminar flow. They 
are of lower frequency than the fluctuations in the 
eddying boundary layer. 

Transition is a sudden phenomenon, but the poiit of 
transitionmovesbackandforth within rather widelimits. 



National Bureau op Standards, 
Washington, D. C, March 19S6. 
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AIR FLOW IN THE BOTJNDABT LATER NEAR A PLATE 
TABLE I 

SOLUTION OF BLASroS EQUATION FOR FLOW IN A LAMINAR BOUNDARY LAYER 
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X 


Z 


dZ 
dS 


d*5> 


a*Z 
dX} 






Si 


dft 


0 


0 


0 


1 


0 


0 


0 


a3320 


0 


ai 


aoo60o 


a 10000 


a999S3 


-0.00600 


0.1819 


ao60i 


.3320 


-a 0009 


.1 


.02000 


.19993 


.99867 


—.01997 


.3639 


.1208 


.3316 


-.0036 


.3 


.04493 


.29966 


.99661 


—.04478 


.6468 


.1812 


.3306 


-.0082 


.4, 


.07992 


.39894 


.98939 


-.07907 


.7278 


.2410 


.3286 


-.0144 


.6 


.12474 


.49741 


.97040 


-.12217 


.9097 


.3005 


.3262 


-.0223 


.8 


.17936 


.69466 


.96470 


-.17303 


1.0917 


.3693 


.3203 


-.0316 


.7 


.24362 


.89017 


.94460 


—.23012 


1.2736 


.4170 


.3137 


—.0420 


.8 


.31732 


.78338 


.91863 


—.29147 


1,4566 


.4733 


.3060 


—.0532 


.9 


.40020 


.87387 


.88623 


—.38467 


1.6376 


.6278 


.2943 


—.0647 


LO 


.49193 


.96012 


.84763 


—.41698 


1,8194 


.6803 


.2816 


—.0761 


1.1 


.69214 


1.01299 


.80296 


—.47647 


2.0014 


.6301 


.2868 


—.0868 


La 


.70037 


1.12082 


.76276 


—.62721 


2.1S33 


.6772 


.2600 


—.0962 


1.3 


.81613 


1.19339 


.69784 


—.6^2 


13663 


.7210 


.2317 


-.1039 


1.4 


.93886 


1.26027 


.63925 


-.60016 


2.6472 


.7614 


.2123 


—.1095 


L5 


1.06798 


1.32116 


.67826 


-. 61766 


2.7292 


.7982 


.1920 


—.1127 


L6 


1.20289 


1.376S8 


.61620 


-.62063 


19111 


.8313 


.1714 


—.1133 


1.7 


1.34298 


1.42441 


.45463 


—.61010 


3.0931 


.8606 


.1609 


—.1114 


l.S 


1.48767 


L466S4 


.39456 


-.68893 


3.2760 


.8882 


.1310 


-.1071 


1.9 


1.63613 


1.60342 


.33761 


-.66221 


3.4609 


.9083 


.1121 


-. 1003 


3.0 


1.78807 


1.63448 


.28441 


-.60866 


3.6389 


.9271 


.0944 


—.0028 


2.1 


1.94288 


L86016 


.23602 


—.46866 


3.8208 


.9428 


.0784 


—.0837 


2.2 


2.10001 


1.68186 


.19282 


—.40192 


4.0028 


.9657 


.0640 


—.0739 


2.3 


2.26909 


1.69920 


.16606 


-.36029 


4.1847 


.9662 


.0615 


—.0639 


2.4 


Z41973 


1.61306 


.12272 


-.29^ 


4.3667 


.9745 


.0403 


—.0512 


2.8 


Z 68160 


1.62392 


.09687 


— . 34672 


4. 6486 


.98U 


.0317 


—.0160 


2.S 


174443 


L63232 


.07323 


—.20096 


4.7S06 


.9862 


.0243 


—.0367 


2.7 


190800 


1.63871 


.05820 


- -.16062 


4.9126 


.9900 


.0183 


-.0293 


2.8 


3.07212 


1.64343 


.01093 


— . 12576 


6.0944 


.9929 


.0136 


—.0230 


2.9 


3.23665 


1.64700 


.02986 


-.09668 


6.3764 


.9951 


.0099 


-.0176 


3.0 


3.40149 


L 64964 


.02143 


-.07289 


6.4683 


.9966 


.0071 


-.0133 


3.1 


3.66664 


L 86136 


.01613 


-.05394 


6.6403 


.9977 


.0050 


-.0098 


3.2 


3.73174 


1.66202 


. 01050 


— . luaJU 


0. QJifA 


QQ8£ 


003£ 


— • WIA 


3.3 


3.89706 


1.66360 


.00717 


-.02795 


6.0O12 


'.9990 


!0O24 


-.0061 


3.4 


4.06243 


1.66409 


.00182 


-. 01957 


6.1881 


.9993 


.0016 


-.0088 


3.6 


4.22788 


1.66448 


.00318 


—.01346 


6.3880 


.9996 


.0011 


-.0026 


3.8 


4.39332 


1.86474 


.00207 


-.00909 


6.6500 


.9997 


.0007 


-.0017 


3.7 


4.66881 


1.85491 


.00132 


-.00603 


6.7319 


.9998 


.0004 


-.0011 


3.8 


4.72480 


1.65502 


.00083 


-.00393 


6.9139 


.9999 


.0003 


-.0007 


3.9 


4.88981 


1.85606 


.00051 


-.00261 


7.0968 




.0002 


-.0006 


4.0 


6.06632 


1.66812 


.00031 


-.00188 


7,2778 


LOOOO 


.0001 


-.0003 


4.1 


8.22083 


1.66618 


.00019 


-.00097 


7.46S7 




.0001 


-.0002 


4.2 
4.3 


6.38636 
6.66187 


1.65616 
1.66517 


.00011 
.00008 


-.00059 
-.00036 


7.6417 




0 


-. 0001 






-. 0001 


4.4 
4.8 


6.71738 
6 88290 


1.68618 
1.86618 


.00004 
.00002 


-.00021 


i'oSS" 






0 


-.00012 


8.1876 








G.2 


7.04163 


1.06618 


0 


0 


9.4611 



















TABLE II 

CALIBRATIONS OF WIRE N18 ON OCT. 14, 1930 



Reststanee of wire and leads, R-^R; otaaa — 
Reaistance of leads, R,, olmis- 



Resistance of wire, Rt, obms 

Temparature, °0 

Baiometrio pressure. In Hg 



Beginning End 



6.388 
.446 

4.943 
29.0 
29.68 



6.406 
.446 

4.969 
29.6 
29.68 



TABLE in 

DETERMINATION OF MEAN SPEED FOR x=2Z 
INCHES, l7o= 106.2 FT./SEC. ON OCT. 14, 1930 



Heating enmnt 0.2 ampere. iiK«»4.016S3. 



FIRST OALtBHATION 


Tempera- 
ture °0 


Speed, u 
flVsea 




Voltage 

drop 
KR+k.) 


R+R. 
ohms 


R 
ohms 


i?o 
obms 


PRRvi 
R-Ro 


28.6 
29.0 
29.0 
29.0 


66.6 
84.6 
76.7 
817 
9a6 

me 

113.0 


7.62 
8.02 
a70 
9.09 
9.61 

iao3 
laee 


L638 
1.602 
L861 
L638 
L620 
1.496 
1.474 


8.190 
8.010 
7.805 
7.690 
7.600 
7.480 
7.370 


7.746 
7.665 
7.360 
7.216 
7.165 
7.036 
6.925 


4.033 
4.943 


aooiS20 

.001808 
.002013 
.002080 
.002138 
.002221 
.002310 


SEOOND OAXIBBATION 


3ao 
3ao 
sao 


105.2 

loai 
9a8 

818 
7L3 
68.2 


ia26 
iao5 

9.62 
9.10 
8.44 
7.62 


L492 
1.605 
1.626 
1.646 
L883 
1.637 


7.460 
7.626 
7.630 
7.730 
7.916 
&186 


7.014 
7 079 
7.184 
7.284 
7.469 
7.739 


4.967 


a 002287 
.002213 
.002143 
.002080 
.001972 
.001848 



BBS TABLE n FOB DATA ON WIHB. BBEFiaXTBETFOR 
CALIBRATION OURVB 



Tem- 
pera- 
ture 

°o 


V 

Inches 


Voltage 

drop 
KR+R.) 


R+R. 

ohms 


R 
ohms 


Rn 
obms 


R-Re 




u 

ft/sec 


u 


29 


a 016 


L862 


9.310 


8.888 


4.913 


a 001494 


6.42 


2a4 


asso 


29.8 


.020 


1.768 


8.826 


8.379 


4.954 


.001618 


ai9 


sas 


.361 


29.6 


.026 


L720 


&600 


a 164 




.001684 


a62 


43.8 


.417 


29.6 


.030 


L666 


8.330 


7.884 




.001778 


7.21 


610 


.494 


sao 


.040 


1.602 


&010 


7.666 


T967' 


.001926 


a 16 


6a4 


.632 


sao 


.060 


L666 


7.830 


7.384 




.002021 


a 78 


7a 6 


.728 


sao 


.066 


1.629 


7.646 


7.199 




.002130 


a 46 


8a2 


.848 


3ao 


.oeo 


1.608 


7.640 


7.096 




.002203 


9.91 


oas 


.936 


sao 


.100 


1.499 


7.496 


7.019 




.002237 


iai3 


1018 


.976 


3ao 


.130 


L493 


7.465 


7.019 




.002259 


ia26 


106.3 


LOOl 


sao 


.180 


L490 


7.450 


7.004 




.002274 


ia36 


107.6 


1.024 


3a 0 


.230 


L490 


7.460 


7.004 




.002274 


ia36 


107.6 


L024 


sao 


L066 


1.403 


7.465 


7.010 




.002269 


ia28 


105.3 


1.001 
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TABLE IV 

RESXJLTS OF TABLE HI COBRECTED FOR HEAT LOSS 
TO PLATE ON BASIS OF STILL AIR CORRECTION 



WIRB LENGTH— 0.342 INCH. .E'-O.OOO 000 00435 



If 

inches 


° c. 


KB 
V 


PRRta Ke 
R-E, f 




u. 

ftTseo. 


ti. 

Uo 


aois 


237.2 


a000069 


a 001425 


4.93 


24.3 


1231 


.020 


207.2 


.000045 


.001671 


6.90 


34.8 


.331 


.025 


193.6 


.000034 


.001650 


6.40 


41.0 


.390 


.030 


177.2 


.000026 


.001762 


7.06 


49. S 


.473 


.040 


157.1 


.000017 


.001909 


8.05 


64.8 


.616 


.050 


146.2 


.000013 


.002008 


8.68 


75.3 


.716 


.065 


13S.1 


.000009 


.002121 


9.38 


88.0 


.836 


.080 


128.7 


.000007 


.002196 


9.86 


97.0 


.022 


.100 


126.0 


.000005 


.002232 


iao9 


10L8 


.068 


.130 


124.1 


.000004 


.002255 


10.25 


105.0 


.998 


.180 


123.2 


.000003 


.002271 


lass 


107.5 


1.023 


.230 


123.2 


.000002 


.002272 


lass 


107.5 


1.022 


LOSS 


121.1 


0 


.002259 


ia26 


105.3 


1. 001 



TABLE V 

DETERMINATION OF SPEED FLUCTUATION FOB 
s=23 INCHES, ^70= 106.2 FT./SEC. ON OCT. 14, 1930 



SEE TABLE Tl FOR DATA ON WIRB, TABLE HI FOR MEAN 
SPEED, TIQ. 7 FOR CALIBRATION CURVE 








BaO.OOOlSSO (from fig. 7] 








1 


2 


3 


4 


5 


8 


7 


8 


9 


ImSies 






PRRkc 


(3)-H4) 


2(6) 


dE 


du 


du 




6(JJ-£ci) 


B-yfu 


(volts) 


tt 




a 015 

.020 
.025 
.030 
.040 
.050 
.065 
.080 
.100 
,130 
.180 
.230 
LOOS 


6.42 

a 19 

6.63 
7.31 
8. IS 

8.75 
9.4S 

9.01 

iai3 

10.28 
ia36 

ia36 
ia26 


0.001061 
.001396 
.001697 
.001905 
.002438 
.002812 
.003290 
.003623 
.003780 
.003896 
.003958 
.003958 
.003896 


aoao249 

.000289 
.000281 
.000296 
.000321 
.000337 
.000366 
.000367 
.000373 
.000376 
.000379 
.100379 
.000376 


a 001310 

.00186S 
.001878 
.002201 
.002757 
.003149 
.003845 
.003900 
.004153 
.004272 
.004337 
.004337 
.004272 


3.08 
3.40 
3.59 
3.86 
4.2S 
4.66 
4.S8 
6.10 
6.19 
6.27 
6.29 
6.29 
6.27 


0.1190 
.0776 
.0563 
.0403 
.0171 
.0123 
.0099 
.0090 
.00338 
.00582 
.00360 
.00286 
.00115 


0.384 
.284 
.202 
.1556 
.0732 
.0566 
.0483 
.0459 
.0435 
.0307 
.0191 
.0141 
.0081 


a 1019 

.0961 
.0843 
.0788 
.0462 
.0405 
.0410 
.0429 
.0425 
.0307 
.0198 
.0144 
.0061 



TABLE VT 

RESULTS OF TABLE V CORRECTED FOR HEAT LOSS 
TO PLATE ON BASIS OF STILL AIR CORRECTION 



WIRE LENGTH 1343 INCHES JC=aOOO 000 00436 


1 


3 


3 


4 


6 


6 


7 


8 


Inches 




K 
fUka 


Colnmn 
(6) of 

taWeV 
+f3) 


2(4) 


dE 
volts 


du, 

u. 


du, 
U, 


a 015 
.020 
.025 
.030 
.OM) 
.050 
.065 
.080 
.100 
.130 
.180 
.230 

1.06S 


4.93 
S.90 
6.40 
7.06 
8.05 
8.68 
9.38 
9.85 
10.09 
1125 
1135 
1135 
1126 


lOOOOSS 
.000086 
.000063 
.000044 
.000033 
.000026 
.000020 
.000016 
.000013 
.000010 
.000007 
.000006 
.000001 


1001398 
.001731 
.001931 
.002345 
.003790 
.003176 
.003685 
.004006 
.004168 
.004282 
.004344 
.004343 
.004273 


3.59 
3.72 
3.83 
4.03 
4.39 
4.63 
4.95 
6.16 
6.33 
6.29 
6.31 
a 31 

a27 


11190 
.0778 
.0563 
.0403 
.0171 
.0133 
.0099 
.0090 
.00838 
.00583 
.00380 
.00286 
.00115 


1427 
.389 
.315 
.1613 
.0751 
.0565 
.0400 
.0403 
.0433 
.0303 
.0191 
.0141 
.0061 


10038 
.0957 
.0838 
.0763 
.0463 
.0404 
.0410 
.0427 
.0424 
.0307 
.0195 
.0144 
.0061 



TABLE VII 

FAIRED VALUES FOR i=23 INCHES, ?7o= 105.2 FT./SEC. 



Average temperature 30° C. Fressore 29.63 Inobes Hg 
»=0.000I732 ft>/tec. ^-1,164,000 


u 


V 

Inch 


9 


du 


V 




13 
.4 
.6 
.6 
.7 
.8 

.9 


10186 
.0230 
.0301 
.0378 
.0468 
.0680 

.0727 


841 

1, 165 
1.G2S 
1,915 
2,371 
2,938 
3,683 


10 
9 
8 
7 
6 
5 

4 

3 


10166 
.0237 
.0283 
.03!0 
.0327 
.0367 
f .057 
I .110 
.132 


841 
1,200 
1,423 
1,570 
1.656 
1,850 
2,888 
6,676 
6,690 
9,070 








2 


.179 



1 



AIB FLOW nsr THE BOXTNDAET LAYER NEAK A PLATE 
TABLE Vin 

y-EEYNOLDS NUMBERS CORRESPONDING TO VARIOUS VALUES OF «-FLUOTUATION USED 

IN PLOTTING FIGURE 22 
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z-ReynoIds Nomber 



102000 



256200 



6070001 



eOTOOO 



55E000 



sraooo 



IISSOOO 



1160000 



11S4000 



13S0000 



1383000 



11 

laE.... 
lao 

9.6..., 

9.0 — 

8.6 

8.0 

7.6 

7,0... 
S.6 

6.0... 



6.6.. 

6.O.. 

4.6.. 

4.O.. 
3.6.. 

3.O.. 

2.6.. 

ZO.. 
1. 6.. 
LO.. 



780 
330 

1000 

1190 

1380 



13S0 
1880 



loeo 
im 

770 
1610 
1870 
2000 

2140 



2320 

2670 
2330 
3270 



1060 
2.160 
3170 



1280 
610 
3440 
3200 



1010 


1190 


1630 


1470 


1900 




1170 


I I860 


1330 




2010 




2090 


3100 


4120 


3800 


4660 


4590 



1330 

1480 

1620 
1T70 
1920 

2oeo 

2270 
2600 

2820 

3260 

3670 

4180 
4960 



960 
1660 

890 
1690 

830 
1630 

790 
1660 
1700 
1730 
1800 
1800 
2O0O 

2160 



2300 

2820 

2990 
4390 
6400 
6S60 

6360 
7170 



760 
1030 

1160 

1280 
1420 
1670 
1660 
1760 

1820 

1910 

1980 

2090 

6670 
6030 



7770 

9070 
11260 



400 

U30 

1230 
1360 
1470 

1680 

1700 
1830 
1970 
3120 
2290 

2470 

2880 
3740 
6900 

6410 



7640 
84S0 

9320 

10100 

U920 
12760 
13660 



1270 
1330 
1410 
1610 

1610 

1730 
1880 
2020 
2220 
2460 
2770 
SMO 
H40 



S420 

6940 

7S60 
83C0 

9000 

10060 
1U60 
12360 
1363C 



< N'ot considered, becaase not concordant with repeat rons. 
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TABLE IX 

w-REYNOLDS NTJMBEBS COHBESPONDINQ TO VARIOUS VALUES OF u-FLUCTUATION USED 

IN PLOTTING FIGURE 26 



l7e-32.6ft./seo. 


du 


T-Keynolds Nnmber 


62300 


123400 


166100 


186400 


215300 


251200 


439600 


437300 


8.0 






r 255 
1 436 
f 210 
1 490 
/ 100 
\ 660 
166 
646 
165 
770 


} 

270 
456 
2(0 
£00 
205 
670 
190 
670 
1606 
2106 
160 
810 
1300 
2525 
156 
1026 
1126 
2836 

3286 
3835 
4700 


} 








7.6 







7.0 


240 
386 
176 
460 
170 
495 

1660 

2366 
160 
606 
916 

2695 
165 

3220 








6. 5 

ao 




/ 300 
460 
266 
636 














6.8 

6.0 




""iii" 

866 
1740 


1090" 
1660 


310 
460 

im 

2830 
230 
680 
880 
3460 
/ 190 
1 4100 
/ 160 
j 4770 

(~"6M0" 










f 170 
2070 

2360 
} 2700 
} 3136 


2176 

2730 
2940 
3330 


4.B 

4.0 

3.6 


f 630 
1 1180 
/ 476 
1 1616 
376 


3695 
4640 


1095 
60S0 
785 
7636 

iiW 


1780 
6810 

336 
7060 

226 
9210 

186 


3.0 















Uo°65.5 ft/sec 



7J.. 

7.O.. 
6l5.. 

6.01. 
6.S_ 



6.0., 



4.5. 



4.0L. 
3.5.- 



x-ReyBoUi Namben 



63000 



670 
1660 



2060 



126200 166000 I8S500 217300 252200 307600 352000 406000 668000 716000 88S0OO 



470 
1385 
1720 

650 
1165 
2110 

650 
960 
23S0 

2860 
3960 



285 
396 
435 
600 
1390 
2180 

660 
1185 
1810 

640 
060 
2775 

8230 

4055 
5550 



380 

460 

630 
695 
1400 
2390 

660 
1200 
2710 

716 
976 
3080 

3640 

4655 
9430 



355 

423 

600 
676 
1656 
2716 

645 
1335 
8075 

800 
1136 
3540 



4160 



5070 



2<»6 
2400- 

355 
485 
1646 

2360 
336 
685 
1280 
3660 

320 
4660 

6000 



1750 
3170 

400 

1365 
8686 

640 
1005 
5066 

6070 
7940 



2875 
3246 



1020 
4376 



280 
1185 



6710 



I 4930 / 



3305 
4930 
1696 
7490 

10730 



6195 

2540 
12670 

1396 
14340 



4790 
11470 

2070 
14980 

20680 



8260 
12140 

4796 
13700 

996 
16380 

305 
10620 



